Complexity Forum, Warwick University
February 6, 2013

Stochastic dynamics of
reaction-diffusion systems:
An epidemic model case study

Chiu Fan Lee

Department of Bioengineering
Imperial College London

Imperial College
London



Reaction-diffusion systems are ubiquitous

* Extensively used in modelling dynamical processes in physics,
chemistry, biology, ecology, etc
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* Problem: Neglect of inevitable intrinsic noises:
— Reaction & diffusion fluctuations

* Goal: To understand the importance of these fluctuations, and
how to incorporate them into the analysis



SIRS epidemic model as a case study

* Ainfectious disease model with 3 types of individuals
— S : density of susceptible individuals
— | : density of infected individuals
— R : density of recovered individuals

O O
OO

rate:

Infection:



SIRS epidemic model as a case study

* Ainfectious disease model with 3 types of individuals
— S : density of susceptible individuals
— | : density of infected individuals
— R : density of recovered individuals

Recovery: @ > @

rate: /6



SIRS epidemic model as a case study

* Ainfectious disease model with 3 types of individuals
— S : density of susceptible individuals
— | : density of infected individuals
— R : density of recovered individuals
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Epidemic evolution
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Steady-state solution

* 1 conservation law: N = S8(t) +I(t) + R(1)
e 1 stable fixed point: IN=1,8=2,7=1]
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How about diffusion?

Typical setup: :S = DV?S —aSI+~R
01 = DV’I+aSI — SR
iR = DV*R+ BI — R

Linear stability from mean-field fixed point at Qtcrit
i.e., consider S(x,1) =1+ ese”TE* etc

Find: 0 = —Dk*+ (. — /3) ® diffusion has no
effect on stability



Phase diagram from linear stability analysis

. [N = 0.1 agent per lattice site, 3 =~ =5 x 10 *s™]
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Is this true?



What are we actually modelling?
A microscopic picture
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Phase diagram from linear stability analysis
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Lattice simulation vs. MF result

: [N = 0.1 agent per lattice site, 5 =~y =5 x 10_48_1]
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What is missing?
Neglect of fluctuations in reaction and diffusion events!



We can do better!
: [N = 0.1 agent per lattice Site,B:fy:5><10_4s_1]
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* | will now present a theory that incorporates all the fluctuations into the analysis

 The theory is called the Doi-Peliti formalism and is based on quantum field theory



But first, a bit of history on fluctuation analysis

Forget about diffusion, and focus on the simple reaction
system

A+ A3 0

dn

— = —2\n?
dt

Macroscopic equation:

To capture fluctuations — Chemical Master Equation (CME):

%p(n: t)y=A[n+2)(n+1)P(n+2,t) —nn—1)P(n,t)]

Unfortunately, the CME is usually intractable
— need approximations



Kramers-Moyal (KM) expansion

+ Start from CME: P(n.1) = S W1 ) P(.t) — W (h.n) P, 1)

* Assume transitions only happen in neighbouring states:

9 pint) = /dh W (nm— ) P(n — hot) — W(h,n) P(n, )]
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where  ni(n) = /dh-(n — n)'W(h,n)

 Fortheprocess: A+ A A 0, we have
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Drift Fluctuations




van Kampen approximation

Also known as system size expansion, Q) expansion, or linear
noise approximation

Define new variables: n.(t) = Qao(t) + VQu(t)

Substitute back into KM expansion to get two equations:

— One for the intensive variable and one for the fluctuations
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Problems

 These approximations fail if the system size Q (i.e., volume,
total particle numbers, etc) is small

* Population can become negative due to fluctuations —
boundary conditions not captured properly

e Solutions: keep track of the boundary condition and the
discrete nature of problem seriously by using raising and
lowering operators



Operator formalism

Start with the empty state, the state with no particles: |0)

Define raising operator: alln) =|n+ 1)
and lowering operator: aln) =nln—1)

In vector and matrix form:

0)=1| 0 =120 al = 010 a4 = 000
o 0 b 1 001 200
1 0 000 010

In particular:  a'aln) = n|n) (a,a'l=aa’ —ala =1



e Then

Operator representation of CME

. Backto A+ A O, with CME:

%p(n, H=Xn+2)(n+1)Pn+2.t) —nn—1)P(n,t)]

* To use operators, first define: [1(t)) = Z P(n,t)|n)

d
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Schrodinger

= —H[y(1)) < equation

* Formal solution: |[)(t)) = exp(—Ht)|1)(0))

Erwin Schrodinger, Nobel Prize ‘33



Getting rid of non-commutative operators

 |ntroduce coherent states:
1
) = exp (~3lof? + oa' ) 0

where ¢ is a complex number

vh
Roy Glauber
* Slice up the temporal evolution: Nobel Prize ‘05
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Path integral method

Richard Feynman
Nobel Prize ‘65



Field theory—it’s all about integration
* Do alot of integration to compute average density
n(t) = / DD (t)e

where

S = / d%zdt (0(0r — DV?)d + 2X00* + \p? * — nopd(t)]

DD — T, (d(hnc}tk )d(Redoy h))

T



Doi-Peliti vs. Kramers-Moyal

* In terms of Langevin’s equations:

Kramers-Movyal: dn = —2\n2dt + vV ndw x

Doi-Peliti: din = —2\n2dt + i\/Xnde




Nothing’s perfect ...

* Problem: we can’t really do the integration!

n(t) = /DG)D@@)(L‘)GS

e But: Doi-Peliti formalism enables us to do the
integration partially based on physical pictures



So what did | calculate?

* Specifically, | considered the following interactions in the
calculation:
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Agreements with simulation results

[N = 0.1 agent per lattice site, 3 =~ =5 x 10 *s™ ]
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Agreements with simulation results
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Agreements with simulation results

[N = 0.1 agent per lattice site, 3 =~ =5 x 10 *s™ ]
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Conclusion

* Mobility and fluctuations have critical effects on
reaction-diffusion systems

e Doi-Peliti field-theoretical formalism is a method to
analyse these effects

* Need further method development to provide a
more comprehensive treatment of the problem
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