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A new universality class describes Vicsek's 
flocking phase in physical dimensions
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1. A brief & 
biased history of 
active matter 
physics

Tamás Vicsek, András Czirók, Eshel Ben-Jacob, Inon Cohen, and Ofer Shochet (1995) PRL



A simulation model for flocking in 1995

Figure from F. Ginelli, arXiv:1511.01451
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What’s the big deal?

• A continuous symmetry (rotational symmetry) seems to be 
broken in 2D! 

• A violation of the Mermin-Wagner-Hohenberg theorem at thermal 
equilibrium

• Non-equilibrium dynamics is a crucial ingredient!

• “Order-disorder” may be a new type of transition [Vicsek et al (1995) PRL]

• Flocking phase may be a nonequilibrium phase [Toner & Tu (1995) PRL]
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Citation: "For seminal work on the theory 

of flocking that marked the birth and 

contributed greatly to the development of 

the field of active matter."

See also Tu (2023) The renormalization 

group for non-equilibrium systems, Nat. 

Phys. 19, 1536

2020 APS Onsager Prize

Intriguingly, controversies soon 

emerged for both landmark studies !



Controversy 1: Absence of critical 
transition in the Vicsek model

• Critical order-disorder transition 
is pre-empted by phase 
separation
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Controversy 1: Absence of critical 
transition in the Vicsek model
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Aside: Critical order-disorder can exist 
when volume exclusion occurs
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Controversy 2: Toner-Tu 95 RG analysis 
not as general as originally thought

• Missing terms leading to 
potentially invalid scaling 
exponents



Where do we stand?

• No critical behaviour in the Vicsek model

• Universality class (UC) for Vicsek’s flocking phase remains 
elusive

13



Here, we use nonperturbative, functional 
RG to study a simplified TT model

14

• TT UC applies for 
11

3
≈ 3.67 < 𝑑 < 4

• Below 𝑑 = 11/3, a new 
UC emerges, whose 
scaling exponents agree 
remarkably well with 
simulation in 2D & 3D



2. Simplified
Toner-Tu model



Simplified Toner-Tu model

• Toner-Tu model Toner, Tu, Phys. Rev. Lett (1995)

• Ginzburg-Landau theory for flocking

• Simplification 1
• Constrained fluctuations in flocking direction

→ Reduced linear complexity

• Simplification 2
• No density dependent nonlinearities

→Simplified nonlinear complexity

• Density fluctuations contribute linearly!

3/08/2023 16Toner and Tu, Physical Review Letters 75, 4326 (1995) 



Toner Tu Model
Toner, Tu, Phys. Rev. Lett (1995)

Continuity equation for density

𝜕𝑡𝜌 = −𝜵 ∙ 𝒈

EOM for momentum density

𝛾𝜕𝑡𝒈 + 𝜆1𝒈 ∙ 𝜵𝒈 + 𝜆2𝒈𝜵 ∙ 𝒈 + 𝜆3𝜵( 𝒈
𝟐)

= −𝑈 𝜌, 𝑔2 𝒈 − 𝑃1 𝜌, 𝑔2 𝜵𝜌 + 𝜇1∇
2𝒈 + 𝜇2𝜵 𝜵 ∙ 𝒈

+𝜇3 𝒈 ∙ 𝜵 2𝒈 + 𝑃2𝒈 𝒈 ∙ 𝜵𝜌 +⋯+ 𝒇 + 𝑸

3/08/2023 17Toner and Tu, Physical Review Letters 75, 4326 (1995) 

Under assumptions of:
• Mass conservation
• Translation sym.
• Rotation sym.

• Chiral sym.



Toner Tu Model
Toner, Tu, Phys. Rev. Lett (1995)

Continuity equation for density

𝜕𝑡𝜌 = −𝜵 ∙ 𝒈

EOM for momentum density

𝛾𝜕𝑡𝒈 + 𝜆1𝒈 ∙ 𝜵𝒈 + 𝜆2𝒈𝜵 ∙ 𝒈 + 𝜆3𝜵( 𝒈
𝟐)

= −𝑈 𝜌, 𝑔2 𝒈 − 𝑃1 𝜌, 𝑔2 𝜵𝜌 + 𝜇1∇
2𝒈 + 𝜇2𝜵 𝜵 ∙ 𝒈

+𝜇3 𝒈 ∙ 𝜵 2𝒈 + 𝑃2𝒈 𝒈 ∙ 𝜵𝜌 +⋯+ 𝒇 + 𝑸

3/08/2023 18Toner and Tu, Physical Review Letters 75, 4326 (1995) 

Simplification 1:

No fluctuations in 
flocking direction

𝛿𝒈𝑥 = 0

Simplification 2:

No nonlinear 
density terms



Simplified Model
Toner, Tu, Phys. Rev. Lett (1995)

Continuity equation for density

𝜕𝑡𝜌 = −𝜵 ∙ 𝒈

EOM for momentum density (𝒈 = 𝑔0ෝ𝒙 + 𝒈⊥,   𝒈⊥ = 𝛿𝒈𝐿 + 𝛿𝒈𝑇)

𝛾𝜕𝑡𝒈⊥ + 𝜆1𝑔0𝜕𝑥𝒈⊥ + 𝜆1𝒈⊥ ∙ 𝜵⊥𝒈⊥ + 𝜆2𝒈⊥𝜵⊥ ∙ 𝒈⊥ + 𝜆3𝜵⊥( 𝒈⊥
𝟐)

= −𝛽 𝒈⊥
𝟐𝒈⊥ − 𝜅1𝜵𝜌 + 𝜇1(𝜵⊥

2 + 𝜕𝑥
2)𝒈⊥ + 𝜇2𝜵⊥ 𝜵⊥ ∙ 𝒈⊥

+𝜇3𝑔0
2𝜕𝑥

2𝒈 + 𝒇

3/08/2023 19Toner and Tu, Physical Review Letters 75, 4326 (1995) 

Simplification 1:

No fluctuations in 
flocking direction

𝛿𝒈𝑥 = 0

Simplification 2:

No nonlinear 
density terms



3. Linear 
Theory



Linear Theory

• Expand EOM into 𝒈 = 𝑔0ෝ𝒙 + 𝒈⊥,   𝒈⊥ = 𝛿𝒈𝐿 + 𝛿𝒈𝑇,  𝜌 = 𝜌0 + 𝛿𝜌

• Obtain propagators (response functions)  𝒈⊥ = 𝑮 ∙ 𝜹,  𝛿𝜌 = 𝐻𝛿

𝑮𝑇 =
𝓟𝑇(𝒒)

−𝑖𝛾𝜔 + 𝑖𝜆1𝑔0𝑞𝑥 + 𝜇𝑥𝑞𝑥
2 + 𝜇⊥𝑞⊥

2

𝑮𝐿 =
−𝑖𝜔𝓟𝐿(𝒒)

−𝑖𝜔 −𝑖𝛾𝜔 + 𝑖𝜆1𝑔0𝑞𝑥 + 𝜇𝑥𝑞𝑥
2 + 𝜇⊥

𝐿𝑞⊥
2 + 𝜅1𝑞⊥

2

𝐻 =
−𝑖𝛾𝜔 + 𝑖𝜆1𝑔0𝑞𝑥 + 𝜇𝑥𝑞𝑥

2 + 𝜇⊥
𝐿𝑞⊥

2

−𝑖𝜔 −𝑖𝛾𝜔 + 𝑖𝜆1𝑔0𝑞𝑥 + 𝜇𝑥𝑞𝑥
2 + 𝜇⊥

𝐿𝑞⊥
2 + 𝜅1𝑞⊥

2

02/05/2023 21



Linear Theory

• Scaling from equal-time correlation functions

𝛿𝒈𝐿(𝑡, 𝒓)𝛿𝒈𝐿(𝑡, 𝒓
′) = 𝐷න

𝒒

𝑒−𝑖𝒒∙𝒓
𝓟𝐿(𝒒)

𝜇⊥
𝐿𝑞⊥

2 + 𝜇𝑥𝑞𝑥
2

𝛿𝒈𝑇(𝑡, 𝒓)𝛿𝒈𝑇(𝑡, 𝒓
′) = 𝐷න

𝒒

𝑒−𝑖𝒒∙𝒓
𝓟𝑇(𝒒)

𝜇⊥𝑞⊥2 + 𝜇𝑥𝑞𝑥2

𝛿𝜌(𝑡, 𝒓)𝛿𝜌(𝑡, 𝒓′) =
𝐷

𝜅1
න
𝒒

𝑒−𝑖𝒒∙𝒓
1

𝜇⊥
𝐿𝑞⊥2 + 𝜇𝑥𝑞𝑥2

• Typical linear scaling 𝜒lin = 𝜒𝜌
lin =

2−𝑑

2

02/05/2023 22



4. Nonlinear 
theory using 
FRG



Nonlinear theory using FRG

• Martin-Siggia-Rose-de Dominicis-Janssen → Ansatz for 
effective action

• Same couplings as in microscopic action

• Keep only relevant nonlinearities: 𝑑𝑐 = 4

Γ 𝒈
⊥
, 𝒈⊥, 𝜌, 𝜌 = න 𝜌[𝜕𝑡𝜌 + 𝜵⊥ ∙ 𝒈⊥ − 𝐷|𝒈

⊥
|2 + 𝒈

⊥
∙ [𝛾𝜕𝑡𝒈⊥ + 𝜆1𝑔0𝜕𝑥𝒈⊥

+𝜆1𝒈⊥ ∙ 𝜵⊥𝒈⊥ + 𝜆2𝒈⊥𝜵⊥ ∙ 𝒈⊥ + 𝜆3𝜵⊥( 𝒈⊥
𝟐) + 𝛽 𝒈⊥

𝟐𝒈⊥ + 𝜅1𝜵𝜌

− 𝜇1 𝜵⊥
2 + 𝜕𝑥

2 𝒈⊥ − 𝜇2𝜵⊥ 𝜵⊥ ∙ 𝒈⊥ − 𝜇3𝑔0
2𝜕𝑥

2𝒈]}

02/05/2023 24



Regulator

• Sharp regulator for 𝒒⊥ only

𝑅𝑘 𝒒⊥, 𝑞𝑥 , 𝜔 = Γ𝑘
(2)

𝒒⊥, 𝑞𝑥 , 𝜔
1

Θ𝜖(|𝒒⊥| − 𝑘)
− 1

• 𝑞𝑥 and 𝜔 remain unregulated

→ 𝜔 and 𝒒⊥ Integrals can be performed analytically

02/05/2023 25



Flow Equations

• Projection from Wetterich equation straightforward

𝜕𝑘Γ𝑘 =
1

2
𝜕𝑘′ ฬTr log Γ𝑘

2
+ 𝑅𝑘′

𝑘′=𝑘

• Main challenge: Interaction between longitudinal and transverse 
modes

𝐺𝑇 =
𝓟𝑇(𝒒)

−𝑖𝛾𝜔 + 𝑖𝜆1𝑔0𝑞𝑥 + 𝜇⊥𝑞⊥
2 + 𝜇𝑥𝑞𝑥

2

𝐺𝐿 =
−𝑖𝜔𝓟𝐿(𝒒)

−𝑖𝜔 −𝑖𝛾𝜔 + 𝑖𝜆1𝑔0𝑞𝑥 + 𝜇⊥𝑞⊥
2 + 𝜇𝑥

𝐿𝑞𝑥
2 + 𝜅1𝑞⊥

2

→ Requires Computer algebra

02/05/2023 26



Flow equations

𝜕𝑙𝐷𝑘 = 𝜂𝐷,𝑘𝐷𝑘

𝜕𝑙𝛾𝑘 = 𝜂𝛾,𝑘𝛾𝑘

𝜕𝑙𝜇⊥,𝑘 = 𝜂⊥,𝑘𝜇⊥,𝑘

𝜕𝑙𝜇𝑥,𝑘 = 𝜂𝑥,𝑘𝜇𝑥,𝑘

𝜕𝑙 ҧ𝛽𝑘 = 4 − 𝑑 −
3

2
𝜂⊥,𝑘 −

1

2
𝜂𝑥,𝑘 ҧ𝛽𝑘 +⋯

𝜕𝑙 ҧ𝜆𝑖,𝑘 =
1

4
2(4 − 𝑑 + 𝜂𝐷,𝑘 − 𝜂𝛾,𝑘) − 5𝜂⊥,𝑘 − 𝜂𝑥,𝑘 ҧ𝜆𝑖,𝑘 +⋯

02/05/2023 27

𝜕𝑙 ҧ𝜅1,𝑘 = 2 + 𝜂𝛾,𝑘 − 2𝜂⊥,𝑘 ҧ𝜅1,𝑘 +⋯

𝜕𝑙 ҧ𝜆𝑔,𝑘 = 1 −
1

2
𝜂⊥,𝑘 −

1

2
𝜂𝑥,𝑘 ҧ𝜆𝑔,𝑘 +⋯

𝜕𝑙 ҧ𝜇⊥,𝑘
𝐿 = −𝜂⊥,𝑘 ҧ𝜇⊥,𝑘

𝐿 +⋯

2 Relevant Couplings

Nonlinear Couplings

Anomalous Dimensions → Anomalous Scaling

Marginal Linear Coupling



5. FRG fixed 
points



Numerical 
Integration of 
Flow Equations

→ Fixed point

02/05/2023 29



Scaling Exponents

02/05/2023 30



Fixed points

02/05/2023 31

Gaussian

TT95

New FP



6. Analytical 
treatment



Analytical Approach

• Full flow equations are intractable analytically

• Take limit of large relevant couplings

• Advantages are:

1. Obtain analytical expressions for scaling exponents

2. Why are exponents so accurate?

3. Understand stability exchange

02/05/2023 33



Limit of large relevant couplings

• ҧ𝜅1,𝑘 and ҧ𝜆𝑔,𝑘 have positive scaling 
dimension → ∞

• Assume ҧ𝜅1,𝑘~𝑘
−𝑎, ҧ𝜆𝑔,𝑘~𝑘

−𝑏

• Evaluate Graphical corrections in 
this limit 

• Set other couplings constant

02/05/2023 34

𝜕𝑙 ҧ𝜅1,𝑘 = 2 + 𝜂𝛾,𝑘 − 2𝜂⊥,𝑘 ҧ𝜅1,𝑘 +⋯

𝜕𝑙 ҧ𝜆𝑔,𝑘 = 1 −
1

2
𝜂⊥,𝑘 −

1

2
𝜂𝑥,𝑘 ҧ𝜆𝑔,𝑘 +⋯
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Graphical 
corrections

• For large mass-
scales

• Evaluated 
analytically and 
numerically



02/05/2023 36

Unprecedented scaling relation

𝜂𝑥,𝑘 =
1

𝜇𝑥,𝑘
𝜕𝑙𝜇𝑥,𝑘 = 𝐹( ҧ𝜆1,𝑘 , ҧ𝜆2,𝑘 , ҧ𝜆3,𝑘 , ҧ𝜆𝑔,𝑘 , ҧ𝜅1,𝑘)

→ 𝐹 ҧ𝜆1,𝑘
∗ , ҧ𝜆2,𝑘

∗ , ҧ𝜆3,𝑘
∗ ,

ഥ𝜆𝑔,𝑘
13

ഥ𝜅1,𝑘
7

𝐹 ҧ𝜆1,𝑘
∗ , ҧ𝜆2,𝑘

∗ , ҧ𝜆3,𝑘
∗ , 0 = 0

𝐹 ҧ𝜆1,𝑘
∗ , ҧ𝜆2,𝑘

∗ , ҧ𝜆3,𝑘
∗ , ∞ = ∞

𝐹 ҧ𝜆1,𝑘
∗ , ҧ𝜆2,𝑘

∗ , ҧ𝜆3,𝑘
∗ , 𝑐𝑜𝑛𝑠𝑡 = 𝑐𝑜𝑛𝑠𝑡 → ҧ𝜆𝜅,𝑘 =

ҧ𝜆𝑔,𝑘
13

ҧ𝜅1,𝑘
7 = 𝑐𝑜𝑛𝑠𝑡

→ 𝜕𝑙 ҧ𝜆𝜅,𝑘 = [13 𝑧 − 𝜁 − 7 2𝑧 − 2 ] ҧ𝜆𝜅,𝑘 = 0

→ 𝜂𝑥 = 0 → TT Univsersality Class

→ No FP
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Analytical expression for exponents

13 𝑧 − 𝜁 − 7 2𝑧 − 2 = 0

𝑧 − 1 + 𝜒 = 0

𝜕𝑙 ҧ𝜆𝜅,𝑘 = 0 ⟶

𝜕𝑙𝜆1,𝑘 = 0 ⟶

𝑧 − 2𝜒 − 𝜁 − (𝑑 − 1) = 0𝜕𝑙𝐷𝑘 = 0 ⟶

⟶ 𝜒 =
13(1 − 𝑑)

40
, 𝑧 =

27 + 13𝑑

40
, 𝜁 =

41 − 𝑑

40

3 exponents are constrained by 3 scaling relations:

Conjecture: Robust exponents with no truncation dependence
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Stability of Fixed point

𝜕𝑙 ҧ𝜆𝜅,𝑘 = [13 𝑧 − 𝜁 − 7 2𝑧 − 2 ] ҧ𝜆𝜅,𝑘 = [11 − 3𝑑] ҧ𝜆𝜅,𝑘

Expanding around TT Fixed point:

𝜒 =
3 − 2𝑑

5
, 𝑧 =

2(𝑑 + 1)

5
, 𝜁 =

𝑑 + 1

5

TT Fixed point becomes unstable below 𝑑 =
11

3

TT and our exponents agree in 𝑑 =
11

3

Supports conjecture of stability exchange



7. Summary 
and Outlook



Summary

40

• We used nonperturbative, functional 
RG to study a simplified TT model

• TT UC applies for 
11

3
≈ 3.67 < 𝑑 < 4

• Below 𝑑 = 11/3, a new UC emerges, 
whose scaling exponents agree 
remarkably well with simulation in 2D & 
3D

New 

UC

TT

G



“The hope is to be able to classify active matter in a small number of universality classes, based on 

considerations of symmetry and conservation laws, each with a well-defined macroscopic behavior. We 

consider here four classes of active matter according to the nature of the broken symmetry of the ordered 

phase and the type of momentum damping.”

Marchetti, Joanny, Ramaswamy, Liverpool, Prost, Rao, & Aditi Simha

Hydrodynamics of soft active matter

Rev. Mod. Phys. 85, 1143 (2013)

Outlook: Active Matter - a treasure trove new UCs



Toner-Tu “flocking” UC

Toner & Tu (1995) PRL

New UCs in dry, polar 
active systems alone

1995 2000 2005 2010 2015 2020 2025



Toner-Tu “flocking” UC

Toner & Tu (1995) PRL

New UCs in dry, polar 
active systems alone

Compressible PAF

Incomp PAF

Malthusian PAF

1995 2000 2005 2010 2015 2020 2025

Critical behaviour

Chen, Toner & 

Lee (2015) NJP

Flocking in 3D

Chen, Lee & 

Toner (2020) 

PRL

Flocking with quenched 

disorder in 2D

Chen, Lee, Maitra & 

Toner (2022) PRL

Flocking with 

quenched disorder

Toner, Guttenberg, 

& Tu (2018) PRL

Dynamics UC for flocking in 

2D

Chen, Lee, Maitra & Toner 

(2024) PRE

Critical beahviour 

with quenched 

disorder

Zinati, Besse, Tarjus, 

Tissier (2022) PRE

3 UCs for multicritical 

behaviour

Jentsch, Lee (2023) 

PRR
Critical behaviour

Miller & Toner 

(2024) arXiv

Vicsek’s flocking phase

Jentsch & Lee (2024) 

arXiv



No one will drive us from the paradise which Toner, Vicsek, & Tu created for us.



5 decades ago, technological relevance, 
experimental advances, and abundance of novel 
physics propelled condensed matter physics to 
become the ‘King of Physics’ [Martin (2019) Physics Today]

With its relevance to health and life, experimental 
advances, and abundance of novel physics, I believe 
living matter physics will be the next ‘condensed 
matter physics’

Outlook 2
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