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Diversity of Scale-Invariant Structures in 
Adaptive Swarms



Q: How do adaptive swarms spontaneously 
generate scale-free structure?

1. Swarms as active fluids

2. How adaptive rules explores diverse phases

3. When soft modes exhibit universality

4. A periodic table of nonequilibrium universality classes

5. Grand challenge: generic 2D compressible flocks



1. Swarms → Hydrodynamics



Swarms
Locust swarm (~10 trillions)

Mexican free-tailed bat (20 millions)

Wildebeest (2 millions)

Bacterial colony (1 trillions)

Drones (~10 millions)

Sujit Datta Lab



How can we study these system theoretically ?

• Large scales and large numbers → hydrodynamic description
capturing the long-wavelength, long-time dynamics of coarse-grained 
fields

• Absence of fixed neighbours → fluid-like behaviour

Navier-Stokes → two hydrodynamic fields



Hydrodynamic model

• Hydrodynamic variables: density 𝜌 and momentum Ԧ𝑔

• Conservation law: Mass conservation



Symmetries

• What is the force F?

• Starting with symmetries:
– Temporal invariance: F does not depend on time 
– Translational invariance: F does not depend on position r
– Rotational invariance: F does not depend on a particular direction
– Chiral (parity) invariance: F is not right-handed or left-handed

• Universal hydrodynamic EOM for generic polar active fluids (Toner-Tu EOM):

Gaussian noise terms



2. Adaptive microscopic rules → exploration of 
hydrodynamic parameter space

ChatGPT (DALL·E)



What does it mean to our hydrodynamic model?

Adaptive swarms can dynamically tune alignment, sensing, and 
response

→ access distinct regions of phase space

→ reveal new instabilities and universality classes



A sample phase diagram
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D Nesbitt, G Pruessner & CFL (2021) NJP 23, 043047
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Alignment term 𝛼(𝜌) :



More exotic phase 
diagrams

Bertrand & Lee (2022) Phys Rev Res Jentsch & Lee (2025) arXiv



3. Scale-invariant structures 
→ RG fixed points & universality classes (UCs)

Rushkin et al 2007 J. Phys. A: Math. Theor.𝑧 : dynamic exponent ; 𝜒 : roughness exponent



When to expect scale-invariant structures?

Expectation: When EOM of hydrodynamic field(s) become soft 
(massless, gapless)?

• Example (by fine-tuning): 

Besides fine-tuning, there’s a more general way:

• Continuous symmetry is spontaneously broken 

 (Goldstone modes)



How to go from soft EOM to scale-invariance?

RG fixed point
‖

universal class

Scale-invariance = Renormalisation Group Fixed Point = Universality Class
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Categorisation: chemical elements vs. universality classes

Zoom in

Atomic no. → elements Symmetries & conservation laws → UC

Ising model: 𝐻 = σ 𝑖,𝑗 𝐽𝑠𝑖𝑠𝑗

Fig from tbeardsley.com



4. Diversity of UCs uncovered in the past decades

Rev Mod Phys 1977



Two ways to get scale-invariant structures

1. Spontaneous breakage of continuous symmetry: Goldstone 
modes

2. Fine-tuning to make hydrodynamic field(s) soft: critical & 
multicritical behaviour



1. Goldstone modes 
New nonequilibrium phases 

Hydrodynamic EOM of the dominant field:  

Neither 𝜇𝑥 nor noise strength get renormalised

Also, 𝜆 not renormalized because of a Galilean symmetry 

3 equalities from RG equations → 3 exact scaling exponents

Further support from functional RG analysis:
P. Jentsch and C.F. Lee
Can exact scaling exponents be obtained using the renormalization 
group? Affirmative evidence from incompressible polar active fluids
E-print: arXiv:2307.06725

https://arxiv.org/abs/2307.06725


1. Goldstone modes 
New nonequilibrium phases 



1. Goldstone modes 
New nonequilibrium phases 

Conflicting results on compressible polar flocks in 2D:

• Analysis unfeasible with current RG methods – Chen, Jentsch, Lee, Maitra, Ramaswamy, Toner (2025) 
The inconvenient truth about flocks, arXiv:2503.17064

• Feasible & scalar exponents can be determined exactly – Chaté & Solon (2024) Dynamic Scaling of Two-
Dimensional Polar Flocks, PRL 132, 268302

How about the more generic compressible flocks? 



2. Critical & multicritical behaviour

Jentsch & Lee, review in preparation

New critical 
behaviour

(by fine-tuning 
2 parameters)

New Multi-
critical 

behaviour
(by fine-tuning 
>2 parameters)



Newly predicted critical behaviour in the ordered phase

Miller & Toner (2024) PRE Kürsten & Ihle (2020) PRL Bertrand & CFL (2022) PRR

P. Jentsch and C.F. Lee (2025)
Diversity of critical 
phenomena in the ordered 
phase of polar active fluids.
E-print: arXiv:2512.18846

SIS via fine-tuning:
Not the usual critical 
order-disorder 
transition, 
but critical phase 
separation/instability 

https://arxiv.org/abs/2512.18846


Summary 
• Large natural and engineered swarms can reach scales where scale-invariant 

structures (SIS) emerge, motivating a hydrodynamic description of long-
wavelength, long-time dynamics

• Symmetry principles and conservation laws determine the universal 
hydrodynamic equations of motion

• SIS arise through two generic routes

– spontaneous breaking of continuous symmetry

– fine-tuning that softens hydrodynamic modes

• Over the past decade, this framework has revealed a diverse landscape of 
universality classes in swarming systems

• Multiple new critical behaviours are predicted within the ordered phase, 
many still awaiting full RG treatment



Outlook

• Grand challenge 1: What is the UC that governs generic compressible 
polar flocks?

• Grand challenge 2: Can we complete the periodic table of 
nonequilibrium universality classes for adaptive swarms?
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