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What are incompressible active fluids? 
    



Wound healing assay 

https://www.youtube.com/watch?v=v9xq_GiRXeE  

https://www.youtube.com/watch?v=v9xq_GiRXeE
https://www.youtube.com/watch?v=v9xq_GiRXeE


Navier-Stokes description? 

𝜕𝑡𝑣 + 𝑣 ∙ 𝛻 𝑣 = 𝜇𝛻2𝑣 − 𝜌−1𝛻𝑃 
 

 
Not enough! 

 

 



Navier-Stokes description? 

𝜕𝑡𝑣 + 𝑣 ∙ 𝛻 𝑣 = 𝑎 + 𝑏𝑣2 𝑣 + 𝜇𝛻2𝑣 − 𝜌−1𝛻𝑃 
 

 

Not enough! 
Missing elements: 

• Cells are motile -> Need active terms like 𝑎 + 𝑏𝑣2 𝑣  
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Navier-Stokes description? 

𝜕𝑡𝑣 + 𝜆 𝑣 ∙ 𝛻 𝑣 = 𝑎 + 𝑏𝑣2 𝑣 + 𝜇𝛻2𝑣 − 𝜌−1𝛻𝑃 + 𝑓  
 

 

Not enough! 
Missing elements: 

• Cells are motile -> Need active terms like 𝑎 + 𝑏𝑣2 𝑣  

• Fluctuations can be important -> Gaussian noise  𝑓  

• No Galilean invariance -> prefactor of 𝑣 ∙ 𝛻 𝑣  may not be 1 

 

 

 
 

 



In fact, to be completely general… 

There can be infinitely many more red terms 
 

𝜕𝑡𝑣 + 𝜌−1𝛻𝑃 − 𝑓 = −𝜆 𝑣 ∙ 𝛻 𝑣 − 𝑎 + 𝑏𝑣2 𝑣 − 𝜇𝛻2𝑣  

        +𝑐𝑣4𝑣 + 𝜉(𝛻2)2𝑣 + ⋯ 
 

 



The perils of parameter fitting 

• John von Neumann: “With four 
parameters I can fit an elephant, and 
with five I can make him wiggle his 
trunk.” 

1903-1957 

Mayer, Khairy & Howard (2010) Amer. J. Physics 



With so many parameters, can we 
ever say something meaningful 
about the phenomenon? 

 

 



Concept of universality 



Universality in physics 
Ferromagnetism with an easy axis at 
criticality  

 

Phase separation in multi-component 
lipid membrane at criticality 

 

P. Colon’s homepage 
Honerkamp-Smith  
et al. (2009) BBA 

As the measurement is at a larger and larger 
length scale (𝑙 → ∞)  

Ising model: 𝐸 = −𝐽  𝑠𝑖<𝑖.𝑗> 𝑠𝑗 

Proved by renormalisation group methods 

Kenneth Wilson, Nobel prize 1982 



Renormalisation group transformation 

1. Coarse grain out short wavelength (𝑘 > 𝑙−1) fluctuations  
2. Rescale 
3. Renormalise 



1. Coarse grain  
 

2. Rescale 

3. Renormalise 

Repeat 

Data from Hugo Duminil-Copin 



Renormalisation group transformation 

Level of  
coarse-graining 

1. Coarse grain out short wavelength (𝑘 > 𝑙−1) fluctuations  
2. Rescale 
3. Renormalise 

𝑙 goes up further 

Toy model 𝐻∗ becomes 
the (asymptotically) exact 
model 



Critical order-disorder transition 

Adapted from  
QuantumDiaries.org 

Energy 

x 

y 

The bottom 
has become 
very flat 



Phase diagram of incompressible active fluids 

Critical region 

𝑣  



Critical incompressible active fluids  

Level of  
coarse-graining 

RG transformation 

EOM: 𝜕𝑡𝑣 + 𝛻𝑃 − 𝑓 = −𝜆 𝑣 ∙ 𝛻 𝑣 − 𝑎 + 𝑏𝑣2 𝑣 − 𝜇𝛻2𝑣 + 𝑐𝑣4𝑣 + 𝜉(𝛻2)2𝑣 + ⋯ 

𝜕𝑡𝑣 + 𝛻𝑃 + 𝑓𝑙 = −𝜆𝑙 𝑣 ∙ 𝛻 𝑣 − 𝑎𝑙 + 𝑏𝑙𝑣
2 𝑣 − 𝜇𝑙𝛻

2𝑣  

Exact hydrodynamic EOM with TWO coefficients 
governing the model’s scale-invariance properties: 
 
 

𝑔1(𝑙) ~ 
𝐷𝑙𝜆𝑙

2

𝜇𝑙
3

     
,    𝑔2 𝑙  ~ 

𝐷𝑙𝑏𝑙

𝜇𝑙
2

 



Advective term:  

𝑔1 𝑣 ∙ 𝛻 𝑣  

Incompressible active matter  
(Today) 

“Ferromagnets with dipolar interactions” 
Aharony and Fisher (1973) Phys. Rev. Lett.  

𝑔1 𝑙 ~ 
𝐷𝑙𝜆𝑙

2

𝜇𝑙
3

;  𝑔2 𝑙  ~ 
𝐷𝑙𝑏𝑙

𝜇𝑙
2

 

Chen, Toner, Lee (2015)  
New J. Phys. 17, 042002 



Incompressible active matter  
(Today) 

“Randomly stirred fluids  
(Model B)” 

Forster, Nelson & Stephen 
(1977) Phys. Rev. A 
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Chen, Toner, Lee (2015)  
New J. Phys. 17, 042002 

Incompressible active fluids  

In 3D: 𝑣 (𝑟 ) ∙ 𝑣 (𝑟 ′)  ~ 𝑟 − 𝑟 ′ −(𝟏.𝟑𝟓±0.08) 

“Ferromagnets with dipolar interactions” 
Aharony and Fisher (1973) Phys. Rev. Lett.  

“Randomly stirred fluids  
(Model B)” 

Forster, Nelson & Stephen 
(1977) Phys. Rev. A 



Adapted from  
QuantumDiaries.org 

Energy 

x 

y 

Ordered phase (2D) 



Ordered incompressible active fluids 

Ordered 
phase Critical region 

• Universality is more than criticality! 
 

• Universal behaviour expected in the symmetry-broken 
phase of a continuous symmetry 

𝑣  

Belitz, Kirkpatrick, Vojta (2005) Rev. Mod. Phys. 



Ordered phase of 2D incompressible 
active fluids 

Level of  
coarse-graining 

RG transformation 

EOM: 𝜕𝑡𝑣 + 𝛻𝑃 − 𝑓 = −𝜆 𝑣 ∙ 𝛻 𝑣 − 𝑎 + 𝑏𝑣2 𝑣 − 𝜇𝛻2𝑣 + 𝑐𝑣4𝑣 + 𝜉(𝛻2)2𝑣 + ⋯ 

Ordered phase:  



Universality of Kardar-Parisi-Zhang 
(KPZ)  

Chen, Lee, Toner (2016) 
Nature Comm. 7, 12215 

2D Smectics = (1+1) KPZ  
[Golubović & Wang (1992) PRL] 
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M.C. Escher (1938) Day and Night 



Active polymer networks 

200 nm 
10 μm 



Alvarado et al. (2013) 
Nature Physics 

Active networks 



Alvarado et al. (2013) 
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Active networks 
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Close to -2.05 (2D 
static percolation) 
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Close to -2.05 (2D 
static percolation) 

Criticality occurs for a range of experimental parameters 
– No fine tuning! 



See also Sheinman, Sharma, Alvarado, Koenderink, and MacKintosh (2015) Phys. Rev. E; Sheinman, 
Sharma, Alvarado, Koenderink and MacKintosh (2015) Phys. Rev. Lett.; Pruessner and Lee (2016) Phys. 
Rev.  Lett.  

Minimal model: Random rupturing 

Start with a fully connected squared 
lattice and delete interior nodes at 
random. If a connected cluster 
detaches from either boundary, 
then it is taken out of the system 
and its size recorded 

Lee & Pruessner (2016) Phys. Rev. E  



Minimal model: Random rupturing 

Close to -2.05 (2D 
static percolation) 

Numerics 

See also Sheinman, Sharma, Alvarado, Koenderink, and MacKintosh (2015) Phys. Rev. E; Sheinman, 
Sharma, Alvarado, Koenderink and MacKintosh (2015) Phys. Rev. Lett.; Pruessner and Lee (2016) Phys. 
Rev.  Lett.  

Lee & Pruessner (2016) Phys. Rev. E 



We do not have a dynamical theory of 
active polymer networks! 

Active polymer networks 



Outlook 



Hohenberg and Halperin (1977) “Theory of dynamic 
critical phenomena” Rev. Mod. Phys. 

‘Periodic table’ of universality classes 

Equilibrium 



Hohenberg and Halperin (1977) “Theory of dynamic 
critical phenomena” Rev. Mod. Phys. 

Non-equilibrium 

Randomly stirred fluids 
[Forster, Nelson & Stephen 
(1977) Phys. Rev. A] Directed percolation 

[Kinzel  (1983)] 

Kardar-Parisi-Zhang 
[KPZ (1983) Phys. Rev. Lett.] 

Living matter 

Incompressible active 
polar fluids at criticality 
[Chen, Toner, Lee (2015) New J. 
Phys.] 

Equilibrium 

‘Periodic table’ of universality classes 



Universalities in living matter 

Transition        Ordered phase 

           Birds 

Epithelial tissue 

Motile bacteria 

Biological systems 

? 

? 

? 
? 

? 

? 
? 

? 

? 

? 

? 
? 

? 

? 

KPZ 

? 

? 

IAF 

? 

Lifshitz-Slyozov 

IAF 



Summary 

• Universality is everywhere in biology 

• Critical order-disorder transition 

–A novel universality class 

• Ordered phase (2D) 

–Kardar-Parisi-Zhang universality class 

• Active polymer networks (2D) 

– Static percolation universality class 

• Outlook: Characterising of living matter 
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